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Abstract. We propose a construction of regular expressions from particularly re-
stricted NFA via extended automata. It proceeds in two main steps, elimination
of cycles in the state graph followed by a recursive construction of the final regu-
lar expression. Inbetween these eliminations, series-parallel substructures are re-
duced to single transitions. The process gives rise to compact regular expressions
by avoiding redundancies in the intermediate extended automata. Altough de-
rived from state-elimination-techniques, the constructions are rather ’transition-
oriented’.

1 Motivation

The interest of transforming hence and forth between finite automata and regular ex-
pressions started with Kleene’s result that both formalisms describe the same object
[1]. He gave a construction from NFAs to regular expressionsby means of the transi-
tive closure of an automata’s transition relation. Howeverthe constructions gives rise
to rather long expressions, moreover, the expression heavily depends on an initial num-
bering of the states. Another technique implements the transformation by extending
the the transition labels to languages thus bypassing states in the automaton [2]. This
became known as thestate-elimination– technique which also forms the basis of our
construction. There again, the chosen order of states to be bypassed/eliminated heavily
influences the structure and especially the length of the resulting expression. Elimina-
tion of q is done by adding properly labelled transitions from any state reachingq to any
state being reached byq, and removingq and all its incident transitions. The number
of newly introduced transitions equals the product of in- and outdegree of the elim-
inated state. Moreover, the introduced transitions are highly redundant. For example,
if there was a looping transition inq, each of the replacement transitions would carry
the starred label of the looping transition as a subexpression. Also, state elimination
doesn’t address simplification of expressions by encoding parallel transition into a sin-
gle transition labelled by the sum of the multiedges’ labels. Still, looking for the shortest
expression denoting a specific language seems desparate since the problem was proven
to be PSPACE-complete [3, 4]. Yet we can exploit some structural properties — such
as multiedges — to yield considerably more compact expressions from a given NFA.



2 Preliminaries

The only concept necessary in addition to basic theory of finite automata is the no-
tion of extended finite automata, EFA. These are used in the very first article on state-
elimination [2], see [5] for a proper introduction. The ideais to combine the single-letter
transitions to form transitions accepting languages themselves, thus eliminating states
that serve as letter-to-letter intermediates. The set of regular expressions overΣ ∪ {ǫ}
with operations{·, +,∗ } will be denotedReg(Σ), α andβ will always represent regular
expressions. Concatenation will be denoted by juxtaposition of operands. Leading and
trailing occurrences ofǫ in subexpressions will be omitted when building expressions
by concatenation, thusǫα = α, αǫ = α. The language described byα will be denoted
L(α).

Definition 1. An EFA is a quintuple(Q, Σ, δ, S, F ), whereQ is the set of states,Σ the
input alphabet,δ ⊆ Q × Reg(Σ) × Q the transition relation,S ⊆ Q the set of initial
state andF ⊆ Q the set of final states.

The transition relation is inductively extended as usual

δ0 = {(q, ǫ, q)|q ∈ Q}

δn+1 = {(q, αβ, q′)|∃q′′ : (q, α, q′′) ∈ δn ∧ (q′′, β, q′) ∈ δ}

with the reflexive and transitive closure ofδ being

δ∗ =
⋃

n∈N

δn

The language accepted by an EFAE = (Q, Σ, δ, S, F ) is the set of strings

L(E) =
⋃

{L(α)|(q0, α, q) ∈ δ∗ ∧ q0 ∈ S ∧ q ∈ F}

EFAs represent exactly the same class of languages as NFAs, as can be seen from clo-
sure properties.

We callqi thesource-, qj the target-state of a transition(qi, α, qj). For a set of transi-
tionsτ ⊆ δ the associated sets of source- and target-states inR ⊆ Q are denoted

τR = {q|(q × Reg(Σ) × R) ∩ τ 6= ∅}

Rτ = {q|(R × Reg(Σ) × q) ∩ τ 6= ∅}

A sequence of consecutive transitions:π = (q1, α1, q2)(q2, α2, q3) . . . (qn−1, αn−1, qn)
is called awalk, |π| = α1α2 . . . αn−1 is called thevalueof π. A walk, in which no tran-
sition occurs more than once is called apath. For a pathπ, statesp, q ∈ Q, the set
of subpathsfrom p to q onπ will be denotedπ(p, q). Any subpath on a simple path is
unique. The set of subpath values is denoted|π(p, q)| — note that if no such subpath ex-
ists, |π(p, q)| = ∅. Since we will only consider subpaths of simple paths,|π(p, q)| will
always either be empty or a singleton. Pathπ will be treated as a set in denoting the sets



of its source- and target states as,πQ, resp.Qπ. A cycleis a path starting and ending in
the same state. Ifγ is a cycle, we denote byγc the cyclic permutation ofγ starting and
ending inc. Distinct cyclesγ1,γ2 with Qγ1 ∩ Qγ2 6= ∅ will be calledadjoint. An EFA
will be calledDAG-EFAor acyclicif its state-graph is acyclic. A transition which is not
part of a cycleγ but connects two states ofQγ is called achord to γ. If e = (qi, α, qj)
is a chord toγ, then the pathγe = γ(qj , qi)e is also a cycle, called theshortcut-cycle
of e in γ.

The set of states with transitions ending inP ⊆ Q from ’outside’ is defined asIn(P ) =
{q|qδP } \ P , likewiseOut(P ) = {q|P δq} \ P . We further restrictδ to sets of states,
P, R ⊆ Q, by:

P δR = δ ∩ (P × Reg(Σ) × R)

If any P, R equals the full set of states, we omit it, e.g. writingP δ instead ofP δQ.
Singleton sets are identified with their sole element, thuspδ denotes{p}δ, etc. A state
q is calledaccessible, if Sδ∗q 6= ∅ andco-accessible, if qδ

∗
F 6= ∅. We assume that any

automaton treated in this article is trim, i.e. all its states are accessible and co-accessible.

Let ω be an alphabetical order overΣ. When expressions overΣ are considered, let
ωReg ⊃ ω denote a total order over the meta-alpabetΣ ∪ {∗, +, (, )} and define the
expression-order, denoted≤ω, overReg(Σ) as its lexicographic extension. The choice
of ordering{∗, +, (, )} is arbitrary. Note that≤ω includesω and its induced lexico-
graphic order onΣ∗.

Definition 2. Let E = (Q, Σ, δ, q0, F ) be an EFA,γ a cycle with no initial or final
states whereI = {i ∈ Qγ | (Q\Qγ)δi 6= ∅} is the set of states in the cycle which is
directly reached from states outside the cycle, analogousO = . . . the corresponding set
of states with transitions leaving the cycle. Thenγ is called asplit-cycle, if

∃c∈Qγ ∀i∈I ∀o∈O : |γc(o, i)| 6= ∅

holds. The statec is called asplit-state.

The definition states that a split-state has to be passed on any path containing states of
this cycle. Intuitively, states adjacent ’from’I and ’to’ O aren’t interleaved in a split-
cycle. For example, a split-cycle contains at most one statewith reaching and leaving
transitions besides the ones in the cycle — this will be the split state. A cycleγ being
adjoint to at least two cycles that don’t share any states onγ never is a split-cycle.

We further impose a restriction on sums of regular expressions by defining theordered
sumof a set of regular expressionsR = {α1, . . . , αn} as the sum with lexicographically
ordered addends:

∑

<

R =
∑

1≤j≤n

αij
, s.t.αik

<ω αik+l
, 1≤k ≤n, 1≤ l ≤n − k

Any expressionα can be seen as a (possibly empty or singleton) sum — we denote the
set of addends ofα by ∇(α). Every sum-expression can be rearranged to its ordered
equivalent, yieldingL(α) = L(Σ<∇(α)).



3 Construction

The construction proceeds in three steps, an initial preprocessing followed by conver-
sion of the EFA into an acyclic EFA which is finally transformed into a regular expres-
sion.

3.1 Preprocessing

We need to ensure that the initial states aren’t accessible from other states. For trim
automata, this is equivalent to requiring that the initial state is not part of some cycle.
For ease of latter constructions, we assume the dual property for final states, which
mustn’t be co-accessible. Both properties are enforced by introduction ofǫ-transitions,
if necessary.

Definition 3. An EFAE = (Q, Σ, δ, S, F ) is said to benormalized, if δS = Fδ = ∅. If
E is not normalized, the EFÂE = (Q ∪ {q̂0, q̂f}, Σ, δ̂, q̂0, q̂f ), where

δ̂ = δ ∪
⋃

q0∈S

(q̂0, ǫ, q0) ∪
⋃

q∈F

(q, ǫ, q̂f )

denotesE’s normalization.

ObviouslyL(E) = L(Ê), thus we can assume any EFA to be normalized.

3.2 Series-Parallel Substructures

A directed multigraph isseries-parallel, if it results from a trivial digraph with ex-
actly one arc by iterated direction-preserving subdividing and multiplying its arc. Thus,
series-parallel substructures in an EFA can be replaced by single transition labeled with
an expression reflecting this structure with sums and concatenations.

A chainis a path in which all intermediate states have in- and outdegree 1 and will thus
only occur on the chain. It can be replaced by a contraction ofits transitions. We will
replace maximal chains only, i.e. a chain-contraction can’t possibly be part of another
chain without further conversions. We require that no intermediate state in a chain is
initial or final.

Definition 4. Let E = (Q, Σ, δ, q0, F ) be an EFA,π = (q1, α1, q2) . . . (qn, αn, qn+1)
a path withn > 1 in E, s.t.2 ≤ i≤ n : (|qi

δ|= |δqi
|=1) ∧ (qi /∈ F ∪ S), |δq1 | 6= 1 and

| qn+1δ| 6= 1. Thenπ is called amaximal chainin E. The transition(q1, |π|, qn+1) is
called theserial contractionof π. We writeE ⊲− E′ if E′ is the EFA(Q′, Σ, δ′, q0, F )
whereQ′ = Q \ {q2, . . . , qn}, δ′ = δ \ π ∪ (q1, |π|, qn+1).

Transitions connecting the same states are calledparallel. A set of parallel transitions
can be replaced by a single transition labelled with the sum of the labels in the set. Here,
the sum-label is the ordered sum of the single labels.



Definition 5. LetE = (Q, Σ, δ, q0, F ) be an EFA,φ a set of parallel transitions where
φQ = {q}, Qφ = {q′}. The transition

pφ = (q,
∑

<

⋃

(q,α,q′)∈φ

∇α, q′)

is called theordered parallel contractionof φ. We writeE ⊲q E′ if E′ is the EFA
(Q, Σ, δ′, q0, F ), whereδ′ = δ \ φ ∪ {pφ} for a set of parallel transitionsφ.

Clearly, if E ⊲− E′ or E ⊲q E′ thenL(E) = L(E′). Let ⊲sp=⊲− ∪ ⊲q to ex-
press either contraction step. A sequence of⊲sp contractions becomes stationary after
O(|δ|) steps. We call an EFAE′ the full contractionof E, if E ⊲

∗
sp E′ andE′ con-

tains no chains or parallel transitions. It is unique, sincecontraction of series-parallel
(sub)graphs is confluent [6] and the sum-labels are ordered.We writeE ⊲full E′ if E′

is E’s full contraction. IfE is normalized, so is its full contraction.

Series-parallel automata with one initial and one final state (substructures with source-
and sink-state) relate to regular languages as follows: anyregular language can trivially
be accepted by a series-parallel EFA with a single transition labeled by an adequate
regular expression. A language is finite (and prefix-free)iff it is accepted by a series-
parallel NFA (DFA).

3.3 EFA to DAG-EFA

We’ll examine eliminations of split-cycles from an EFA. To avoid cumbersome con-
struction details, it is however required that there a no chords to a splite-cycle. This
doesn’t come as a serious restriction, as seen in

Proposition 1. Letγ be a cycle with split-stateq and chorde. Thenq is also split-state
of the shortcut-cycleγe. If the number of transitions inγ andγe is equal,e is parallel
to a transition ofγ.

Proof. Note that ife is a chord toγ, thenQγe
⊆ Qγ . If γe isn’t a split-cycle then there

is no state inQγe
that has to be passed on every walk involvingQγe

. The same applies
to any superset ofQγe

, thusγ isn’t a split cycle either. Next, if number of transitions is
equal inγ andγe, so is the number of states, yieldingQγ = Qγe

. Therefore,e must be
parallel to a transition ofγ.

Therefore, whenever there is a chord to a split-cycle, it caneither be eliminated by
parallel contraction or we can look at the shortcut-cycle, which is guaranteed to be a
split-cycle as well.

Definition 6. Let E = (Q, Σ, δ, q0, qf ) be a normalized EFA in which a cycleγ has
split-statec. LetB = In(Qγ) and define eachb ∈ B the expression

ρb,c =
∑

<
(b,α,q)∈ bδQγ

α · |γc(q, c)|



which denotes the words accepted on the smallest subpath-free set of paths reaching
c from b without passing states outsideQγ . Likewise, forD = Out(Qγ) andd ∈ D
define

ρc,d =
∑

<
(q,β,d)∈Qγ δd

|γc(c, q)| · β

accordingly. Letc1, c2 /∈ Q be new states and replace set of paths fromB to D via γ
by the following set of transitions

ρB,c,D =
⋃

b∈B

(b, ρb,c, c1) ∪ (c1, |γc|
∗, c2) ∪

⋃

d∈D

(c2, ρc,d, d)

The EFAE′ = (Q′, Σ, δ′, q0, F ), where

Q′ = {c1, c2} ∪ Q \ Qγ

δ′ = ρB,c,D ∪ δ \ ( BδQγ
∪ δγ ∪ Qγ

δD)

is called theγc-eliminated derivativeof E. We writeE ⊲γc
E′ if E′ results from elimi-

nation ofγ wrt. c in E.

a1

a1

α11

α12

a2

a2

α21

q1

q2

q3

q4

|γ(q2, c)|

γ

c

d1

d1

d2

d2

β31

β32

β42

α11|γ(q1, c)|+α12|γ(q2, c)|

α21|γ(q2, c)|

c1 c2

|γc|∗
|γ(c, q3)|β31

|γ(c, q3)|β32+|γ(c, q4)|β42

Fig. 1: Replacement of cycleγ with respect to a split-statec. The subpath from one of the states
reaching the cycle to the selected state is shown exemplarily.



Figure 1 illustrates the intuition of the elimination. Notethat it’s crucial thatQγ does
not contain any initial or final states, thus the requisite ofthe EFA being normalized. Of
course, if no cycle with the desired property exists, the construction is not applicable,
one might then look for states to eliminate to modify the state-graph structure towards
occurrences of split-cycles. The language accepted by an EFA is invariant under cycle
elimination as stated in

Proposition 2. If E ⊲γc
E′, thenL(E)=L(E′).

Proof. Let w ∈ L(E), thusw ∈ L(|π|) for someπ ∈ Sδ
∗
F . Let γ be a split-cycle with

Qγ ∩Qπ 6= ∅. Decomposeπ into the minimal sequence of subpaths such that each item
in it consists of transitions either fromγ or fromδ \ γ exclusively, i.e.

π = π(q0, qi1)π(qi1 , qi2) . . . π(qin−1 , qf )

This decomposition is unique (minimality). By assumptionq0 /∈ Qγ , so every subpath
π(qi2k−1

, qi2k
) consists of transitions inγ. Sincec is a split-state ofγ, each such subpath

has to passc, thereforeπ(qi2k−1
, qi2k

) = π(qi2k−1
, c)γki

c π(c, qi2k
) for someki ∈ N and

π(qi2k−1
, c) andπ(c, qi2k

) are as short as possible. The full path can thus be decomposed
differently

π = π(q0, qi1)π(qi1 , c)γ
k1
c π(c, qi2 ) . . . γkn−1

c π(c, qin−1 )π(qin−1 , qin
)

= π(q0, c)γ
k1
c π(c, c)γk2

c . . . γkn−1
c π(c, qin

)

where noπ(c, c) may containγc as a subpath. Then we have

L(|π|) = L(|π(q0, c)γ
k1
c π(c, c)γk2

c . . . γkn−1
c π(c, qf )|)

= L(|π(q0, c)||γ
k1
c ||π(c, c)||γk2

c | . . . |γkn−1
c ||π(c, qf )|)

= L(|π(q0, c)||γc|
k1 |π(c, c)||γc|

k2 . . . |γc|
kn−1 |π(c, qf )|)

⊆ L(|π(q0, c)||γc|
∗|π(c, c)||γc|

∗ . . . |γc|
∗|π(c, qf )|)

for eachπ, implyingL(E) = L(E′). The vice versa inclusion is proven essentially the
same way.

Denote the residual of cycleγ2 wrt. elimination of split-cycleγ1q
by γ2(γ1q

). We re-
strain ourselves from a formal definition, Fig. 2 should suffice.

Proposition 3. LetE be an EFA with split-cyclesγ1, γ2 and supposeE ⊲γ1q
E′. Then,

γ2(γ1q
) is a split-cycle inE′.

Proof. If γ2(γ1q
) isn’t a split-cycle, elimination ofγ1 needs to introduce a reach-

ing/leaving transition to/from somer ∈ Qγ2 that had no reaching/leaving transition
in E. This isn’t possible by means of Def. 6, thus the claim holds true.

However, the residual of a non-split cycle wrt an eliminatedsplit cycle might perfectly
well be a split-cycle, as shown by example in Fig. 2.



γ1

γ2

c

γ2(γ1c)

c1 c2

|γc|∗

Fig. 2: (a) γ2 is not a split-cycle but adjoint to split-cycleγ2. (b) The residual ofγ2 after elimi-
natingγ1 now is a split-cycle.

3.4 DAG-EFA to RegEx

After elimination of all cycles, the resulting EFA is acyclic. Although the underlying
graph class (DAG) displays significantly reduced structural complexity, it is still not
easy to find the shortest regular expression. With respect toa certain subclass of DAG-
NFAs some results are given in [7], these are applicable to DAG-EFAs as well. Basi-
cally, the structural information of at least one corresponding expression is inherently
given in an acyclic EFA, it can be constructed by simply preserving the concatenations
and branches of the underlying graph:

Definition 7. Let E = (Q, Σ, δ, q0, F ) be an EFA with DAG-property. The regular
expression built fromq ∈ Q is inductively defined as follows:

Ex(q) =

{

ǫ +
∑

<(q,α,q′)∈δ
α · Ex(q′) if q∈F

∑

<(q,α,q′)∈δ
α · Ex(q′) otherwise

Considering a normalized acyclic EFA with initial stateq0, this leads toEx(q0), satis-
fying L(E) = Ex(q0). An implementation might first compute a topological ordering
τ of Q and proceed by successively substituting theτ -maximal stateq for Ex(q), fol-
lowed by removal ofq. See Fig. 3 for the sketch of such a reduction.

The drawback of the given recursive construction is that it copies subexpressions built
from states with multiple reaching transitions similar to elimination of such a state.
Formulated somewhat differently, ifδ denotes the set of transitions of an EFA with
DAG-property whereq1δ

∗
q2

6= ∅, thenEx(q2) will occur at least|q1δ
∗
q2
| times inEx(q1).

Thus we will use it combined with different techniques in thefollowing section.
Recently, Han & Wood definedbridge-statesof automata as states that have to be passed
on every accepting path and showed that these states have to be eliminated last in an
elimination sequence if the resulting expression should beminimal. They further pro-
posed iterated decomposition of an automaton intohorizontalandvertical cuts, fol-
lowed by component-wise state elimination wrt. bridge-states and construction of the
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α4

α4

α4

α4α6

α5

α5

α5

α6

α6

α6

α7

α7

α7

ǫ

ǫ+α5α7+α3α6

α1(ǫ+α5α7+α3α6)+α2(α4α6)

Fig. 3: According to a topological order onQ, the DAG-EFA is reduced to a single expression.
Nonconflicting reductions are shown as performed in parallel.

resulting expression according to the cuts (basically sum and concatenation). The no-
tion of split-states in this article is related to their bridge-states in that any bridge-state
in a cycle is split-state. Still, it’s easy to construct state-graphs that cannot be cut but
contain split-states, as the graph given in Fig. 3.5.

3.5 Application

When eliminating a cycle by a succession of state-eliminations, the label of the full
cycle is at some point put into a transition looping in a single state. Elimination of this
state forces the number of starred subexpressions representing this cycle to equal at least
the product of in- and outdegree of this state in the final expression. Depending on the
automaton under consideration there might of course be an elimination sequence that
minimizes the sets of connected states, however this will generally be not efficiently
tractable, since the full state-space has to be taken into consideration. Such improved
elimination sequences are again described in [8], althoughrelying on substructures that
are accessible only by exploitation of global properties ofa state-graph. Our construc-
tion explores substructures taking only local properties of the automaton into account,
thus working in a greedy-like manner. As far as maximal series-parallel substructures
are concerned, both approaches replace these by a single transition labelled adequately,
before incorporating them into the overall expression. We give an example involving the
steps of the construction in Fig. 3.5. Note that in this example no horizontal or vertical
cuts can be applied at any point.
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Fig. 4: Example of a conversion by cycle elimination. Each elimination is followed by full con-
traction. (a) The initial automaton, which in (b) is normalized. (c) After elimination ofγ1

wrt. q followed by contraction. (d) After elimination ofγ2 wrt. r. (e) The final expression.



4 Discussion

We proposed a technique for successively eliminating series-parallel an cyclic substruc-
tures of an NFA/EFA followed by construction of an equivalent regular expression from
the resulting acyclic automaton. The drawback of our construction obviously lies within
its restriction to automata with certain structural properties. However, any automaton
can be transformed to an automaton in which all cycles can be split and which is ac-
cepting the same language. Since a cycle with a single reaching transition always is a
split cycle, this can be achieved by introducing for each reaching transition a copy of
the non-splittable cycle reached only by this very transition. As a refinement, copies
reached by sets of transitions can be introduced, such that each copy is a splittable cy-
cle. Still, the blowup of state space is exponential. Alternatively, it is always possible to
eliminate some states in a cycle to get a split cycle as a residual.

Unfortunately, it is by no means generally obvious ’at a glance’, if a given EFA can be
converted to an acyclic equivalent by our construction without additional steps as de-
scribed above. This is due to the fact that in a series of eliminations split-cycles might
occur as residuals of non-splittable cycles. A closed algebraic or graph-theoretic char-
acterization would be most welcome. Another interesting question asks for a minimal
set of states to eliminate in a non-splittable, non-acyclicautomaton such that the de-
rived automaton can be converted to a DAG-EFA by split-cycleelimination. As far as
actual constructions of compact regular expressions from NFA are concerned, we pro-
pose combined application of our technique and those described in [8] by applying cuts
as soon as possible in the execution of our construction and recursively applying this
computation on the subautomata.
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